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The computation of square roots is a cornerstone of numerical analysis, spanning historical manual methods to
sophisticated hardware-level implementations in modern microprocessors. While modern high-level languages

often abstract these operations behind a simple function call, the underlying mechanics—particularly when dealing
with Binary Coded Decimal (BCD)and binary floating-point systems—reveal a complex interplay between
mathematical theory and engineering efficiency. This article provides an in-depth technical analysis of square root
algorithms, focusing on the historical Babylonian method, the Newton-Raphson iteration, and the specialized BCD
implementations such as those found in the CRBond calc65 package and various non-restoring pseudo-division
architectures.

The Mathematical Foundations of Square Root Extraction

Before diving into specific algorithmic implementations, it is essential to understand the theoretical framework of
square root extraction. At its core, finding the square root of a number S involves finding a value x such that x2 = S.
For most positive integers, the result is an irrational number, necessitating iterative approximation methods that can
provide the required level of precision for a given computational context.

The Babylonian Method (Hero's Method)

The Babylonian method is one of the oldest known algorithms for approximating square roots. It is a specific
application of the Newton-Raphson method for finding the roots of a function. The algorithm is based on the
observation that if x is an overestimate of the square root of S, then S/xwill be an underestimate, and their average
will provide a better approximation.

The iterative formula is defined as:
X_{n+1} = %(x_n + S/x_n)

This method exhibits quadratic convergence, meaning the number of correct digits roughly doubles with each
iteration. For manual calculation or systems where division is relatively inexpensive compared to other operations,
the Babylonian method remains a highly efficient choice.

Binary Coded Decimal (BCD) Square Root Algorithms

In many financial and legacy computing environments, Binary Coded Decimal (BCD)is preferred over standard
binary representation. BCD represents each decimal digit with a four-bit nibble (0000 through 1001). This format
avoids the precision issues inherent in converting between base-10 and base-2, which is critical for accounting
software and scientific calculators where exact decimal representation is mandatory.

The CRBond Calc65 Algorithm

The CRBond Calc65 package, often discussed in the context of the 6502 microprocessor architecture, provides a
robust framework for BCD floating-point arithmetic. Implementing square roots in BCD requires a different



approach than binary systems due to the digit-based structure of the data. The CRBond implementation typically
utilizes a non-restoring pseudo-divisionmethod. Unlike standard division, where a remainder is restored if a
subtraction results in a negative value, non-restoring algorithms utilize a series of additions and subtractions to
converge on the root, reducing the overall number of operations required per digit.

Non-Restoring Pseudo-Division Mechanics

The non-restoring algorithm for square roots is an extension of the long-division method taught in schools, adapted
for electronic logic. The process involves:

¢ Normalization: The input number is scaled so that it falls within a specific range, typically [1, 100) or [0.1, 10).

« Digit Extraction: The algorithm processes the number two digits at a time (since the square of a 10"n number
is a 10M2n} number).

* lterative Subtraction: A trial value is subtracted from the current remainder. If the result is positive, the next bit/
digit of the root is determined; if negative, the algorithm proceeds to the next cycle without an immediate
"restoration” of the previous state, instead adjusting subsequent operations to correct the path.

Technical Comparison: Square Root Methodologies

Choosing the right algorithm depends on the hardware constraints (e.g., 8-bit vs. 64-bit), the required precision,
and the data format. The following table compares the most common technical approaches:



Method Format Convergence Rate Hardware Primary Use Case

Compatibility Complexity
Babylonian Binary / Floating Quadratic (Fast) Medium (Requires General-purpose
Point Division) software libraries
Newton-Raphson Floating Point Quadratic High (Requires High-performance
derivative logic) DSPs
Digit-by-Digit Binary / BCD / Linear Low (Shift and Manual calculation /
Manual Subtract) Low-power CPUs
Non-Restoring Fixed Point / BCD Linear (per digit) Low/Medium FPGA / ASIC square
root units
Piecewise Linear Decimal Floating Pt. N/A (Approximation) Very Low (Look-up Initial seed
Table) generation for
iterations

Binary Square Root Extraction by Hand

Computing square roots in binary by hand is surprisingly similar to the long-division method used in decimal, but
significantly simplified because each digit can only be 0 or 1. This makes the "trial and error" phase of the algorithm
trivial.

The Step-by-Step Binary Workflow

1. Grouping: Group the binary bits in pairs starting from the binary point (both left and right).

2. Initial Subtracter: For the first group, the only possible square root digit is 1 (if the group is 01, 10, or 11).

3. The Formula: To find the next bit, take the current root found so far (let's call it R), append "01" to it, and
compare this value with the current remainder shifted left by two.

4. Iteration: If the subtracter is less than or equal to the remainder, the next bit of the root is 1, and you perform
the subtraction. Otherwise, the next bit is 0.

This binary method is highly efficient for implementation in hardware using shift registers and subtracters, as it
avoids the complex multiplication and division required by the Babylonian method.

Optimization Strategies for Decimal Floating Point (DFP)

Modern hardware design, particularly in financial servers (like IBM Power Systems), utilizes Decimal Floating
Point (DFP). Calculating square roots in DFP requires balancing the accuracy of BCD with the speed of binary.

One advanced technique involves using Piecewise Linear Approximationto generate an initial "seed" value for a
Newton-Raphson iteration.

Piecewise Linear Initial Approximation

Instead of starting the Newton-Raphson method with a constant (like x=1), a look-up table (LUT) provides a slope
and intercept based on the most significant digits of the mantissa. This allows the algorithm to start much closer to
the actual root, often reducing the number of required iterations from 5-6 down to 2-3 to reach 64-bit or 128-bit
precision.

The Role of the 6502 and Calc65



In the context of 8-bit computing (e.g., the 6502 processor), the calc65 packageby C R Bond is a notable
technical achievement. The 6502 lacks a hardware multiply or divide instruction. Consequently, the square root
must be implemented using bitwise shifts and BCD-aware additions/subtractions. The calc65 package uses an 8-
byte BCD representation (1 byte for exponent/sign and 7 bytes for the mantissa), providing approximately 14 digits
of precision. Its square root routine is optimized for the 6502's "Decimal Mode," which adjusts the results of ADC
(Add with Carry) and SBC (Subtract with Borrow) instructions to maintain valid BCD nibbles automatically.

Case Study: Implementing Square Root for 121 (Binary vs. Decimal)

To illustrate the difference in logic, let's examine the square root of 121.

The Manual Decimal Approach

In decimal, we group 121 as (1)(21). The largest square less than or equal to 1 is 12. Root = 1. Remainder = 0. We
bring down the 21. We double the current root (1 * 2 = 2) and look for a digit d such that (20 + d) *d "d 21.¢=1, 21 *
1=21.Root = 11. Remainder = 0.

The Binary Approach

121 in binary is 01111001. Grouped: (01)(11)(10)(01).1. First group 01: Root bit 1. Remainder 0.2. Bring down 11:
Remainder 11. Trial subtracter (Root 1 -> 101). 101 > 11, so next root bit is 0.3. Bring down 10: Remainder 1110.
Trial subtracter (Root 10 -> 1001). 1001 "d 1110. Next root bit 1. Subtract 1001 from 1110 = 101.4. Bring down 01:
Remainder 10101. Trial subtracter (Root 101 -> 10101). 10101 "d 10101. Next root bit 1. Subtract = 0.Result:011
(which is 11 in decimal).

Common Failure Modes and Troubleshooting

Implementing square root algorithms in technical systems involves several pitfalls that engineers must address:

¢ Negative Inputs: Most real-number square root algorithms will fail or return an error/NaN if the input is
negative. In BCD systems, the sign bit must be checked before processing.

« Normalization Errors: If the exponent in a floating-point BCD system is not properly handled (specifically, if it's
odd), the mantissa must be shifted to ensure the decimal point is in a position that yields an integer exponent after
the root is taken (since " 10"n = 10"{n/2}).

e Convergence in Newton-Raphson: Using an inappropriate initial guess can lead to slow convergence or, in
floating-point edge cases, oscillation.

¢ Rounding Bias: In BCD financial systems, the method of rounding (e.g., Round Half to Even vs. Truncation)
can significantly affect the final result over multiple sequential calculations.

Strategic Implications of Algorithm Choice

The evolution from the Babylonian method to CRBond’s BCD implementations highlights a shift from pure
mathematical discovery to resource-constrained engineering. In modern software engineering, the choice of square
root algorithm is often dictated by the underlying data type. For high-performance scientific computing, binary
floating-point using Newton-Raphson is the standard. However, for embedded systems using 8-bit microcontrollers
or financial applications requiring absolute decimal precision, the BCD-based non-restoring pseudo-division
remains the most reliable and accurate methodology.

Understanding these algorithms provides developers and engineers with the tools to optimize for both speed and
precision, ensuring that whether a calculation is performed by hand, in a legacy 6502 system, or on a modern DFP-
enabled processor, the result is both accurate and computationally efficient. As we move toward specialized Al and



financial hardware, the principles found in the CRBond BCD routines continue to inform the design of modern
arithmetic logic units (ALUS), proving that foundational algorithms remain relevant decades after their inception.

Tags: #BCD Algorithm #Square Root #6502 Programming #Babylonian Method #Newton Raphson #Technical Writing



Page 1 of 5



Page 2 of 5



Page 3 of 5



Page 4 of 5



Page 5 of 5



