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The Tangram, known in Chinese as the gi-giao-ban or "seven boards of skill,” represents a sophisticated
intersection of recreational mathematics, Euclidean geometry, and cognitive psychology. Historically rooted in the
Song Dynasty and popularized globally in the early 19th century, the tangram is much more than a simple
dissection puzzle. It is a closed system of geometric constraints that challenges the user to manipulate seven
specific polygons—collectively known as tans—to form a contiguous silhouette without overlap. This article
provides a comprehensive technical breakdown of tangram construction, the mathematical properties of the tans,
pedagogical frameworks for implementation, and an analysis of the computational logic required to solve complex
configurations.

1.The Theoretical Framework: Anatomy of the Seven Tans

The standard tangram set is derived from the dissection of a single square into seven distinct geometric shapes.
Understanding the mathematical relationship between these pieces is fundamental to mastering both the
construction and the solving of the puzzle. The set consists of the following components:

e Two Large Isosceles Right Triangles: Each occupying 1/4 of the total area of the original square.
¢ One Medium Isosceles Right Triangle: Occupying 1/8 of the total area.

« Two Small Isosceles Right Triangles: Each occupying 1/16 of the total area.

¢ One Square: Occupying 1/8 of the total area.

¢ One Parallelogram: Occupying 1/8 of the total area.

From a technical standpoint, all seven pieces are commensurable. Their side lengths and angles are
mathematically linked, typically involving factors of 1, " 2, and 2. For instance, if we define the side of the original
large square as s, the area of each piece can be expressed as a fraction of s2. This proportionality ensures that the
pieces can be reconfigured into an infinite variety of shapes while maintaining a constant total area—a principle
known as equidecomposition.

1.1 Geometric Ratios and Area Distribution

To analyze the tangram mathematically, we can assign a value of 1 unitto the area of the smallest triangle. Under
this scale, the area distribution of the entire set is as follows:



Shape Type Quantity Relative Area (Small Percentage of Total Area

Triangle = 1)
Small Triangle 2 1 (each) 6.25% (each)
Medium Triangle 1 2 12.5%
Large Triangle 2 4 (each) 25% (each)
Square 1 2 12.5%
Parallelogram 1 2 12.5%
Total Set 7 16 100%

2. Technical Analysis of the 13 Convex Tangram Shapes

A significant milestone in tangram mathematics was the proof regarding convex shapes. A shape is convex if any
line segment connecting two points within the shape lies entirely inside the shape. In 1942, mathematicians Fu
Traing Wang and Chuan-Chih Hsiung proved that there are exactly 13 convex shapesthat can be formed using all
seven tangram pieces.

This limitation highlights the rigid constraints of the system. Despite the perceived infinite flexibility of the tans, the
geometric properties (specifically the internal angles of 45°, 90°, and 135°) limit the ways the pieces can be joined
to form a convex boundary. These 13 shapes include the original square, a rectangle, several trapezoids, and
various pentagons and hexagons. The technical challenge for a solver is to identify which of the 13 configurations is
required when only given an outline.

2.1 The Tangram Paradox

One of the most intriguing technical aspects of tangrams is the paradox. A tangram paradox occurs when two
figures appear nearly identical, but one seems to have a piece missing or a "hole" that the other does not, despite
both being composed of the same seven pieces. The most famous example is the "Two Monks" paradox. This
phenomenon is a masterclass in visual perception and area distribution. In reality, the seemingly identical
silhouettes have subtle differences in their dimensions or perimeters, allowing the area of the "hole" to be absorbed
into the broader body of the second figure.

3. Engineering and Construction: A Procedural Guide

For educators and technical enthusiasts, creating a precision tangram set requires adherence to specific geometric
bisections. The following workflow describes the algorithmic process for dissecting a square into the seven tans.

3.1 Step-by-Step Dissection Workflow

1. Primary Diagonal: Draw a diagonal line from one corner of the square to the opposite corner. Cut along this
line to create two large triangles.

2. Large Triangle Bisection: Take one of the large triangles and bisect it from the right-angle vertex to the
midpoint of the hypotenuse. This yields the two Large Triangles used in the final set.

3. Secondary Diagonal Mapping: On the remaining large triangle, identify the midpoint of the two shorter sides.
Draw a line connecting these midpoints. The resulting small triangle at the apex is the Medium Triangle.



4. Center Square Formation: From the midpoint of the remaining trapezoid's long base, draw a line
perpendicular to the opposite parallel side. This creates one Small Triangle and a Square.

5. Final Resolution (Parallelogram and Small Triangle): The remaining section of the trapezoid is divided by a
line segment parallel to the previously cut side of the square. This final cut results in the Parallelogram and the
second Small Triangle.

4. Computational Solving and Algorithmic Logic

In the realm of computer science, solving a tangram puzzle is a problem of combinatorial geometry. ~ When a
digital solver is tasked with filling a silhouette, it typically employs one of several algorithmic approaches:

4.1 Backtracking Algorithms

A recursive backtracking algorithm attempts to place one tan at a time into the silhouette. If a piece fits without
violating the boundary or overlapping existing pieces, the algorithm proceeds to the next tan. If it reaches a state
where no pieces fit, it "backtracks" to the previous step and tries a different orientation or position. This is
computationally expensive but effective for sets with a small number of pieces like the tangram.

4.2 Polygon Clipping and Boolean Operations

Advanced solvers use libraries that perform Boolean operations on polygons. By treating each tan as a vector
polygon, the software can calculate the union, intersection, and difference between the pieces and the target
silhouette. The goal is to minimize the "symmetric difference” between the union of the seven tans and the target
shape until it reaches zero.



Feature Manual Solving Algorithmic Solving

Primary Skill Spatial Intuition & Trial/Error Recursive Search & Geometry Logic
Speed Variable (Seconds to Hours) Milliseconds

Constraint Handling Tactile/Visual Feedback Mathematical Boundary Checks
Error Management Manual Realignment State-Space Pruning

5. Pedagogical Applications: Developing Spatial Intelligence

Tangrams are recognized as a vital tool in STEAM (Science, Technology, Engineering, Arts, and Mathematics)
education. They align closely with the Van Hiele levels of geometric thought, moving students from basic
visualization to descriptive analysis and informal deduction.

5.1 Skill Acquisition Matrix

e Spatial Visualization: The ability to mentally rotate and flip objects. This is critical for engineers and architects.

« Geometric Classification: Identifying properties of triangles, squares, and parallelograms (e.g., recognizing
that the parallelogram in a tangram set is non-rectangular).

¢ Problem-Solving Resilience: Dealing with the frustration of the "Incomplete Square” (Puzzle #179) where the
solution seems impossible until a paradigm shift occurs.

 Fractional Reasoning: Understanding that a large triangle is exactly four times the area of a small triangle.

6. Troubleshooting Common Solving Failures

When users struggle to solve tangram puzzles, the failure typically stems from one of three technical errors.
Recognizing these can streamline the solving process:

6.1 The Parallelogram Parity Issue

The parallelogram is the only chiralpiece in the standard tangram set. While the triangles and square look the
same when flipped (they have reflective symmetry), the parallelogram does not. In physical sets, if a puzzle cannot
be solved, the user may need to flip the parallelogram over. In digital versions, this is often handled by a "reflect" or
"mirror" command. Failing to account for this chirality is the most common reason for an "unsolvable" configuration.

6.2 Over-reliance on Large Pieces

Novice solvers often attempt to place the two large triangles first, as they occupy 50% of the area. However, in
many complex silhouettes (like animals or people), the large triangles are used to form the extremities or the trunk,
while the smaller pieces define the intricate details. Technical strategy suggests identifying "constrained corners"—
angles in the silhouette that can only be filled by a specific tan (e.g., a 45° point must be a triangle vertex).

6.3 Scaling and Proportional Errors

In printed activity sheets, if the tans are not scaled correctly to the target silhouette, a solution is physically
impossible. A technical check involves placing the two small triangles over the medium triangle. If they do not cover
it perfectly, the set is non-standard, and geometric proofs will fail.

7. Case Study: Solving the "Incomplete Square 7" (Puzzle #179)



The Incomplete Square 7 is a classic tangram challenge that requires the formation of a square with a specific
notched section or a "missing” corner. This puzzle tests the solver's understanding of negative space. To solve it,
one must calculate the total area of the required silhouette. Since the seven tans always sum to 16 units of area
(based on the small triangle as 1), the target silhouette must also equal 16 units. If the "incomplete square" looks
like a 4x4 grid with one corner missing, the solver must realize that the missing area must be compensated for
elsewhere, or the puzzle is a visual trick using different boundary alignments.

8. Industrial and Modern Design Implications

Beyond the classroom and the puzzle book, the principles of tangram dissection are found in modular furniture
design, minimalist architecture, and graphic identity systems. The efficiency of the 1/4, 1/8, and 1/16 area
distribution allows designers to create versatile spaces that can be reconfigured without wasting material. This is
the essence of sustainable design—maximizing utility from a finite set of resources.

Furthermore, the tangram serves as a foundational exercise in computer vision. Researchers use tangram-like
shapes to train Al in pattern recognition and edge detection. Because the shapes are mathematically perfect, they
provide an ideal baseline for testing how well an algorithm can distinguish between overlapping or adjacent
polygons in a noisy environment.

The tangram remains a peerless instrument for exploring the boundaries of geometry. Whether utilized as a
pedagogical tool to explain fractional areas or as a complex puzzle to challenge the limits of human spatial
reasoning, its seven simple pieces contain a depth of mathematical beauty that belies their outward simplicity. By
understanding the technical ratios, the algorithmic possibilities, and the geometric constraints of the tans, one gains
more than just the ability to solve a puzzle—one gains a profound insight into the structural logic of the physical
world.
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