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In the expansive domain of condensed matter physics, few milestones are as critical as the transition from classical 

descriptions of matter to quantum mechanical models. For decades, students and researchers have turned to the 

seminal work of Neil W. Ashcroft and N. David Mermin, specifically "Solid State Physics," to navigate these complex 

theoretical waters. This article provides a comprehensive, 2,000-word exploration into the foundations of metallic 

electronic theory, specifically focusing on the Sommerfeld Theory of Metals , which serves as the cornerstone of 

Chapter 2 in the Ashcroft and Mermin curriculum.

The Historical Context and the Failure of Classical Mechanics

Before the advent of quantum mechanics, the Drude Model (1900) dominated the scientific understanding of 

electrical and thermal conduction. Paul Drude treated electrons in a metal as a classical gas of non-interacting 

particles, applying the kinetic theory of gases. While this model successfully derived the Ohm's Law and provided 

a qualitative explanation for the Wiedemann-Franz Law, it suffered from catastrophic failures in quantitative 

prediction. The most notable discrepancy was the electronic heat capacity; classical theory predicted a

contribution of 3/2 kB per electron, which was nearly 100 times larger than what was observed experimentally at

room temperature.

The resolution to these discrepancies arrived through Arnold Sommerfeld’s integration of Fermi-Dirac statistics

into the Drude framework. By replacing the classical Maxwell-Boltzmann distribution with quantum statistics,

Sommerfeld fundamentally reshaped our understanding of how electrons occupy energy states in a crystalline solid.

Core Concepts of the Sommerfeld Model

The Sommerfeld Theory  (or the Free Electron Model) rests on the assumption that the valence electrons of the 

constituent atoms become detached and move freely throughout the volume of the metal. However, unlike the 

Drude model, these electrons must obey the Pauli Exclusion Principle.

1. The Schrödinger Equation for Free Electrons

In a free electron gas, we assume the potential energy V(r) is zero inside the metal and infinite at the boundaries.

The motion of an electron is described by the time-independent Schrödinger equation:

(-�{"ó&Ò’� {"�È(r) = E <‚‡"•

The solutions to this equation are plane waves of the form <‚‡"’�Ò�ƒ�ò!¥b’�Pxp(ik·r), where kis the wave vector. This

wave vector is related to the electron's momentum (p = �v²’��æB�VæW&w’�„R�Ò�'²k²/2m).

2. Boundary Conditions and Quantization

To simulate a bulk material, we typically apply Born-von Karman periodic boundary conditions. This requires

that the wave function remains unchanged if we move by a distance equal to the dimensions of the crystal (L) in

any direction. This leads to the quantization of the wave vector:

•  kx = 2<�ç‚�ò�À



•  ky = 2<�ày / L

•  kz = 2<�ç¢�ò�À

Each set of integers (nx, ny, nz) represents a unique spatial state. Due to electron spin, each spatial state can

accommodate exactly two electrons (one spin-up, one spin-down).

The Fermi Sphere and Energy Distribution

At absolute zero temperature (T = 0), the N electrons in a metal will occupy the N lowest available energy states. In 

k-space, these states form a sphere known as the Fermi Sphere. The radius of this sphere is the Fermi Wave 

Vector (k<sub>F</sub>).

Mathematical Framework of the Fermi Gas

The density of states (DOS), denoted as g(E), is a critical parameter that describes the number of available states

per unit energy per unit volume. For a three-dimensional free electron gas, the DOS is derived as:

g(E) = (m / <�!'³) "� (2mE)

The energy of the highest occupied state at T=0 is the Fermi Energy (E<sub>F</sub>). Its relationship with the

electron density (n = N/V) is given by:

E<sub>F</sub> = (�{"ó&Ò’�ƒ3À²n)^(2/3)

This relationship demonstrates that the Fermi energy depends solely on the density of the electron gas, which

explains why different metals (e.g., Copper vs. Aluminum) exhibit varying electronic properties based on their

valence and atomic density.

Technical Comparison: Drude vs. Sommerfeld

Understanding the transition from Drude to Sommerfeld requires a structured look at their differing assumptions

and outcomes.



Feature Drude Model (Classical) Sommerfeld Model (Quantum)

Velocity Distribution Maxwell-Boltzmann Fermi-Dirac

Average Velocity Thermal Velocity (~"�T) Fermi Velocity (T-independent)

Specific Heat (Cv) 3/2 n kB (Constant) Linear in T (;5B•

Mean Free Path Estimated via atomic spacing Much larger than atomic spacing

Pauli Principle Ignored Fundamental constraint

The Success of the Sommerfeld Model

The primary triumph of the Sommerfeld model was the resolution of the specific heat paradox. Because only 

electrons within a range of kBT of the Fermi level can be excited thermally, only a tiny fraction (roughly T/TF) of the 

electrons contribute to the specific heat. This leads to a linear temperature dependence: C<sub>v</sub> "H (<�"ó"’�â�

k<sub>B</sub> (T/T<sub>F</sub>), which matches experimental observations with remarkable precision.

Technical Analysis of Electronic Transport

In the Sommerfeld framework, the transport of charge and heat is dominated by electrons at the Fermi Surface.

While the Drude formula for conductivity (<0 = ne²<BöÒ• remains algebraically similar, the physical interpretation of the

relaxation time (<B’��æB�F†R�F—7G ibution of velocities changes entirely.

The Wiedemann-Franz Law

The ratio of thermal conductivity (;¢’�Fò�VÆV7G ical conductivity (<2’�—2��&÷�÷ tional to the temperature. The constant of 

proportionality is known as the Lorenz Number (L):

;¢�ò�ƒÃT) = (<�"ó2’�†³Ç7V#ä#Â÷7V#âöR›"�Ò�À

In the Sommerfeld model, the theoretical value of L is approximately 2.44 x 10 { x W:”²�» . This value aligns much more

closely with experimental data for metals like gold, silver, and copper than the original Drude prediction, validating

the use of Fermi-Dirac statistics.

Practical Implementation: Step-by-Step Problem Solving

When approaching problems in Ashcroft & Mermin Chapter 2, students must follow a rigorous procedural

workflow. Here is the field guide for calculating the electronic properties of a metal:

1.  Determine the Electron Density (n): Calculate the number of valence electrons per unit volume using the 

mass density and atomic weight of the metal.

2.  Calculate the Fermi Wave Vector (kF): Use the formula kF = (3<�&â•âƒ�ó2’à

3.  Determine the Fermi Energy (EF) and Fermi Temperature (TF): Convert kF to energy using E = �{&»"ó&Òà TF = 

EF/kB.

4.  Evaluate the Density of States at the Fermi Level: Find g(EF) = 3n / 2EF.

5.  Apply Temperature Corrections: For T > 0, use the Sommerfeld expansion to find corrections to the chemical 

potential and internal energy.

Case Study: The Hall Effect in the Free Electron Model



The Hall Effect provides a method to measure the sign and density of charge carriers. In the free electron model, 

the Hall Coefficient (R<sub>H</sub>) is given by:

R<sub>H</sub> = -1 / (ne)

Analysis of Deviations

While the Sommerfeld model works excellently for alkali metals (Li, Na, K), it encounters significant challenges with

other elements:

•  Positive Hall Coefficients: In metals like Beryllium and Zinc, RH is positive, suggesting "hole" conduction. The 

free electron model cannot explain this.

•  Magnetoresistance: The free electron model predicts that electrical resistance does not change with the 

magnetic field, which is contradicted by real-world measurements.

These discrepancies signal the limits of the "Free Electron" assumption and underscore the necessity of the Band 

Theory of Solids(introduced in subsequent chapters of Ashcroft & Mermin), which accounts for the periodic

potential of the ion cores.

Advanced Theoretical Framework: The Sommerfeld Expansion

One of the most mathematically rigorous aspects of Chapter 2 is the Sommerfeld Expansion. This is an analytical

tool used to calculate integrals involving the Fermi-Dirac distribution function f(E) at low but non-zero temperatures.

The expansion for any function H(E) is:

"+ H(E) f(E) dE "H "+[0 to ;ÅÒ�‚„R’�DR�²�ƒÀ²/6)(k<sub>B</sub>T)² H'(;Â•

This expansion is vital for calculating the Chemical Potential (;Â•. It shows that as temperature increases, the

chemical potential drops slightly below the Fermi energy:

;Â…B’�$‚�SÇ7V#äcÂ÷7V#â�³��Ò�ƒÀ²/12)(T/T<sub>F</sub>)²]

This subtle shift is responsible for various thermoelectric phenomena, including the Seebeck Effect and Peltier 

Effect, which are utilized in solid-state cooling and power generation.

Troubleshooting Common Conceptual Errors

Students and engineers often encounter hurdles when applying the Sommerfeld theory. Below is a guide to

common pitfalls and their solutions.

1. Confusion between Chemical Potential and Fermi Energy

Error: Treating ;Â��æB�Tb��2�–FVçF–6�Â��B�†–v‚�FV×�W atures.Solution:Remember that EF is a constant defined at

T=0. The chemical potential ;Â�—2�FV×�W ature-dependent and only equals EF at absolute zero.

2. Miscounting States in k-Space

Error: Forgetting the factor of 2 for spin degeneracy.Solution:Always multiply the spatial density of states by 2 to

account for both spin-up and spin-down configurations.

3. Ignoring the Limits of the Model

Error: Applying the Sommerfeld model to semiconductors or insulators.Solution:The Sommerfeld model assumes

a partially filled band with no energy gap. It is strictly applicable only to metallic conductors where electrons behave

as a degenerate gas.



Integrating Ashcroft & Mermin Solutions into Study

For those navigating the rigorous problems in Chapter 2, such as calculating the Ground State Energy of the 

electron gas or the Electronic Pressure (P = 2/3 U/V), utilizing expert solutions (like those from Chegg or 

university lecture notes) can be invaluable. However, the objective should always be to understand the underlying 

scaling laws. For instance, knowing that the degeneracy pressure of electrons is what prevents stars from

collapsing into white dwarfs provides a profound sense of the universal scale of these solid-state principles.

Implications for Modern Engineering

The Sommerfeld theory is not merely an academic exercise; it forms the basis for modern Thermoelectric Material

 design. By manipulating the density of states—often through nanostructuring—engineers can enhance the Power 

Factor of materials, leading to more efficient heat-to-electricity conversion. Furthermore, the understanding of the 

Fermi surface is essential in the development of Quantum Oscillationsmeasurements, which are used to map the

electronic structure of new superconductors and topological insulators.

While the Sommerfeld model is simplified—ignoring the lattice and electron-electron interactions—it remains the

most powerful starting point for any technical analysis of metallic systems. It teaches us that the macroscopic

properties of metals are a direct manifestation of the microscopic quantum behavior of their electrons. By mastering

the derivations found in Ashcroft and Mermin Chapter 2, one gains the analytical tools necessary to explore the

even more complex phenomena of modern materials science.
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