COMPUTATIONAL ENGINEERING

Comprehensive Guide to Unstructured Mesh Generation in
MATLAB: Theoretical Frameworks, DistMesh Algorithms,
and Practical Implementation

Published: April 4, 2025 | Index ID: #797

In the realm of scientific computing, finite element analysis (FEA), and computational fluid dynamics (CFD), the
discretization of continuous domains into discrete elements—a process known as mesh generation—is a
foundational requirement. High-quality meshes are critical for the accuracy and stability of numerical solutions.
Among the various tools available to researchers and engineers, MATLAB has emerged as a premier environment
for prototyping and implementing mesh generation algorithms, most notably through the DistMeshframework
developed by Per-Olof Persson and Gilbert Strang. This article provides an exhaustive technical exploration of
unstructured mesh generation in MATLAB, focusing on the mathematical underpinnings of distance-based
algorithms, the mechanics of Delaunay triangulation, and the practical application of specialized toolboxes.

Theoretical Foundations of Mesh Generation

Mesh generation is the process of partitioning a geometric domain into simpler, non-overlapping shapes, typically
triangles in 2D and tetrahedra in 3D. These shapes are referred to as simplices. The quality of a mesh is often
determined by the shape and size of these elements; for instance, equilateral triangles are generally preferred over
thin, "sliver" triangles, which can lead to poorly conditioned matrices in numerical solvers.

Unstructured vs. Structured Meshes

Structured meshes are characterized by a regular, grid-like connectivity, where each internal node has the same
number of neighbors. While computationally efficient, they struggle with complex geometries. Unstructured
meshes, conversely, allow for arbitrary connectivity between nodes. This flexibility makes them ideal for
representing intricate boundaries, such as those found in coastal ocean modeling or aerospace engineering. The
primary challenge in unstructured meshing is the automated placement of nodes and the subsequent generation of
an optimal triangulation that adheres to the domain's geometry.

The Role of Delaunay Triangulation

The Delaunay Triangulationis a fundamental geometric construction used in unstructured meshing. For a given
set of points, a Delaunay triangulation ensures that no point is inside the circumcircle of any triangle in the network.
This property maximizes the minimum angle of all the angles in the triangles, effectively avoiding skinny triangles.
In MATLAB, functions such as delaunay and delaunayn serve as the computational engines for generating these
topologies.

The DistMesh Algorithm: A Technical Breakdown

One of the most influential contributions to MATLAB-based meshing is DistMesh. Unlike traditional mesh
generators that use complex geometric rules to insert nodes (like Ruppert’'s algorithm), DistMesh treats the mesh
as a physical system of masses and springs.

Signed Distance Functions (SDF)

At the heart of DistMesh is the Signed Distance Function, denoted as d(x). For any point x in space, the function



returns the distance to the nearest boundary of the domain. By convention, d(x)is negative if the point is inside the
domain and positive if it is outside. This implicit representation of geometry allows for the handling of complex
shapes using simple mathematical expressions (e.g., the SDF for a circle is sqrt(x*2 + y*2) - r).

The Force-Displacement Equilibrium

The algorithm simulates a network of springs along the edges of a Delaunay triangulation. The nodes are moved by
internal forces exerted by the springs and external forces that keep them within the domain boundaries. The force
in a spring between two nodes is defined as:

F(1,10) = max(0, 10 - 1)

where | is the current length and 10 is the desired length. This ensures that the springs only exert repulsive forces,
pushing nodes apart to achieve a uniform or specified distribution. After the nodes are moved, the triangulation is
updated via a new Delaunay step, and nodes that have drifted outside the boundary (where d(x) &gt; 0) are
projected back onto the boundary surface.

Technical Analysis & Core Mechanics

Implementing a mesh generator requires a structured workflow. The following steps delineate the procedural
execution of a typical DistMesh session in MATLAB:

« Domain Definition: Use a function to define the SDF. For composite geometries, set-theoretic operations
(union, intersection, difference) are applied to multiple SDFs.

« Initial Node Placement: A set of initial points is generated, often using a shifted hexagonal grid or a random
distribution within the bounding box of the domain. Points outside the domain are discarded.

« lterative Solving: The algorithm enters a loop where it performs triangulation, calculates spring forces,
updates node positions, and enforces boundary constraints.

¢ Convergence Criteria: The process repeats until the relative movement of nodes falls below a specified
tolerance, indicating that the system has reached a state of mechanical equilibrium.

Size Functions and Gradient Control

A significant advantage of distance-based meshing is the ability to vary the mesh density. A Size Function h(x, y)
specifies the desired edge length at any given point. This is crucial for problems where high resolution is required in
certain areas (e.g., near the tip of an airfoil) while a coarser mesh suffices elsewhere. DistMesh integrates h(X, y)
into the force calculations, scaling the equilibrium length [0 accordingly.

Comparison & Evaluation of MATLAB Meshing Tools

While DistMesh is a versatile script, several other tools and toolboxes exist within the MATLAB ecosystem, each
with unique strengths. The table below provides a comparative analysis of these tools based on the technical data
provided.



Tool / Package

DistMesh

PDE Toolbox

OceanMesh2D

Geometry (R/Octave)

Antenna Toolbox

Primary Application

General 2D/3D
Unstructured Meshing

Structural, Thermal, &
Electromagnetics

Coastal Ocean Circulation
Models

Convex Hulls & Voronoi
Diagrams

Electromagnetic Patch
Antennas

Core Mechanism
Physical force-

displacement & SDF

Delaunay Refinement

Feature-driven geometric
functions

Qhull Library wrapper

PDE-based triangular
meshing

Practical Implementation: A Step-by-Step Field Guide

Key Strengths

Extremely simple code,
handles complex implicit
boundaries easily.

Integrated with solvers,
GUI support, robust for
standard geometries.

Optimized for bathymetry
and topography; multi-
resolution support.

Interoperability between R,
Octave, and MATLAB for
geometric primitives.

Specialized for thin-film
and cavity resonator
geometries.

To effectively implement mesh generation in a technical project, engineers must follow a rigorous preparation and
execution phase. Below is a guide to utilizing the DistMesh approach for a 2D domain.

Step 1: Defining the Sighed Distance Function

Consider a rectangular domain with a circular hole. The SDF is defined as the maximum of the rectangle's distance
function and the negative of the circle's distance function (the differenceoperation in constructive solid geometry).
In MATLAB, this might look like:

fd = @(p) ddif(drectangle(p,0,1,0,1), dcircle(p,0.5,0.5,0.2));

Step 2: Configuring the Size Function

If the gradients of the solution are expected to be high near the circle, the size function fhshould  return  smaller
values in that vicinity. A common approach is to use a function of the distance to the circle.

Step 3: Execution and Parameter Tuning

The call to the generator involves setting the initial edge length h0. A smaller hOleads to a finer mesh but increases
computational time. The algorithm's stability depends on the step size in the node movement phase; if nodes
"explode" or move too far, the damping factor or the force scaling must be adjusted.

Case Studies & Troubleshooting

Even with robust algorithms like DistMesh, several failure modes can occur during the mesh generation process.
Understanding these challenges is key to producing high-quality numerical results.

Challenge 1: Boundary Representation Errors

As noted in technical studies, standard DistMesh can sometimes fail to accurately represent high-curvature
boundaries or sharp corners. This leads to "leaks" or geometric approximations that introduce errors in the final



solution. Solution: Implementing an improved polygon mesh generation using NURBS (Non-Uniform Rational B-
Splines)boundaries can provide a more exact representation of the design domain, particularly in structural
topology optimization (SBFEM).

Challenge 2: Convergence Issues in 3D

In 3D tetrahedral meshing, the number of elements grows cubically. The Delaunay re-triangulation step becomes
the bottleneck. Furthermore, "slivers" (tetrahedra with near-zero volume) are more common. Solution:Using
quality-constrained Delaunay refinement algorithms or post-processing the mesh with Laplacian smoothing can
alleviate these issues.

Challenge 3: Domain Features and Bathymetry

In specialized fields like oceanography, the mesh must account for varying depths (bathymetry). Using a uniform
mesh would be computationally wasteful in deep oceans and insufficient in shallow coastal areas. Solution: Tools
like OceanMesh?2Dutilize topo-bathymetric functions to control mesh resolution, ensuring that the resolution is
proportional to the local wave speed or gradient of the seabed.

Advanced Mechanics: Refactoring and GUI Integration

Modern iterations of mesh generators have moved toward consolidated and refactored codebases. Originally,
DistMesh was a concise, 30-line script meant for educational purposes. However, for industrial applications, it has
been modified to include Graphical User Interfaces (GUIs). These interfaces allow users to interactively define
boundaries, set refinement zones, and visualize the mesh quality metrics (such as the radius-ratio or the minimum
angle) in real-time.

Integration with the PDE Toolbox

The MATLAB Partial Differential Equation (PDE) Toolbox provides an alternative for users who require a more
integrated environment. It uses a "Geometry Description Matrix" to define shapes and includes automated mesh
refinement and adaptive meshing capabilities. While less flexible than custom DistMesh scripts, it offers higher
reliability for standard engineering problems such as heat transfer or stress analysis.

The Mathematical Landscape of Simplex Meshing

The efficiency of a mesh generator is often analyzed through its algorithmic complexity. A Delaunay triangulation of
N points in 2D has a complexity of O(N log N). In the DistMesh framework, this triangulation is performed multiple
times. Therefore, the total complexity is O(I * N log N), where | is the number of iterations required to reach
equilibrium. For very large meshes, researchers often employ spatial indexing(such as k-d trees) to speed up the
distance function evaluations and neighbor searches.

Metric Tensors and Anisotropic Meshing

Advanced mesh generation extends the concept of size functions to metric tensors. While a size function provides
a scalar value (isotropic), a metric tensor allow for anisotropic meshing, where elements are stretched in specific
directions. This is particularly useful in fluid dynamics for resolving boundary layers where the flow gradients are
much steeper in the normal direction than in the tangential direction.

The evolution of mesh generation in MATLAB reflects a broader trend in scientific computing: the move towards
balancing simplicity and mathematical elegance with the robustness required for real-world engineering. The
DistMesh algorithm remains a testament to the power of physical analogies in solving complex geometric problems.
By treating nodes as a system of interacting particles, it bypasses the topological complexities of traditional



meshing, providing a clear path from a signed distance function to a high-quality unstructured mesh.

As computational demands increase, the integration of MATLAB-based meshers with high-performance computing
(HPC) environments and the adoption of NURBS-based boundary representations will continue to be vital. Whether
through the simple, educational scripts of Persson and Strang or the feature-heavy utilities of OceanMesh2D, the
ability to discretize complex domains remains an indispensable skill in the toolkit of the modern engineer and
scientist. The future of this field lies in the marriage of these classical geometric algorithms with machine learning-
driven adaptive refinement, ensuring that the meshes of tomorrow are not only accurate but also optimally efficient
for the ever-growing complexity of numerical simulations.
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